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Abstract 

In this work we study a charged particle in the presence of both a continuous distribution of 
disclinations and a continuous distribution of edge dislocations in the framework of the geometrical 
theory of defects. We obtain the self-energy for a single charge both in the internal and external 
regions of either distribution. For both distributions the result outside the defect distribution is 
the self-energy that a single charge experiments in the presence of a single defect. 
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I. INTRODUCTION 



In recent years many condensed matter systems have been identified as analogue models 
of gravity: superfTuid helium 

HQ 

, Bose-Einstein condensates |3,y,yl, as well as non-linear 
electrodynamics 6] are examples of such systems. The geometrical description of defects 
in elastic media provides another important analogue model: elastic solids with defects can 
be mapped into three-dimensional gravity with torsion jjj.ln this model, the disclination in 
the elastic solid corresponds to the space section of the cosmic string. Electronic properties 
of solids with defects have been traditionally described by the deformation potential the- 
ory 8], which adds to the electronic Hamiltonian an effective interaction potential due to 
the presence of the defect in the medium. This potential is obtained from the elastic defor- 
mation of the medium caused by the defect. Alternatively, the analogue model developed by 
Katanaev and Volovich [7] gives a simple geometric description for the elastic medium with 
defects. This framework has been extensively used to study effects like bound states l9 : ], 

nn 

Aharonov-Bohm phases |HJ,Hll], etc. caused by topological defects in solids. These results 
are in agreement we the standard deformation potential theory, but with clear geometric 
interpretation and easy computation. In this formalism the boundary conditions imposed 
by the defects in the elastic continuum are accounted for by a non-Euclidian metric. In 
general the defects correspond to singular curvature or torsion (or both) along the defect 
line Q. The advantage of this geometric description of defects in solids is twofold. First, 
in contrast to the ordinary elasticity theory this approach provide an adequate language 
for continuous distribution of defects 12;]. Second, the mighty mathematical machinery of 
differential geometry clarifies and simplifies the calculation. 

The deformation potential turns out to be equivalent to the self-interaction of a point 
particle in the background space of a continuous distribution of topological defects. The 
self- interaction is a particular case of the well known fact ^3, 14 1 that a point charge in the 
static gravitational field experiences an electrostatic force due to the change in the boundary 
conditions its electric field is submitted to. In other words, the change in the geometry of 
the space-time which is associated with the gravitational field causes a deformation of the 
electromagnetic fields lines that induces a self-force on the charge. 

The interest on self-forces on charge distributions due to topological defects started when 
Une« Q and Snrith found the electrical fierce on a point charge in the presence 
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of a cosmic string. A variety of studies involving self-forces on charge distributions due to 
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topological defects have appeared in the recent literature 
All these works refer to linelike, i.e. extremely thin, line defects. More realistic, finite 
thickness defects have been studied under this point of view only recently: the electrostatic 
self-interaction acting on a single char ge a nd on a linear charge distribution in the presence 



of the Gott-Hiscock cosmic string 25, 26], respectively. In this article, we are interested in 
generalising references j3|,the study of the electric self- force on a linear charge distribution 
parallel to a cosmic string, and the case of a linear charge distribution in the presence of 
an edge dislocation, to a continous distribution of line defects, in order to take into account 
the finite thickness of the defects. Therefore, we study the classical effects a continuous 
distribution of line defects causes in the electric field of a charged particle, both in the 
case of the disclination distribution and for the edge dislocation distribution. This paper 
is organized as follows, in section II we present the geometric description of the density of 
line defects, for both cases. In section III, we find the two-dimensional Green functions 
for a charged particle in the presence of a defect distribution. In section IV we evaluate 
the self-energy and the self-force for a linear charge distribution in the presence either of a 
distribution of disclinations or a distribution of dislocations. Finally, section V is dedicated 
to the conclusions. 



II. THE DEFECT DISTRIBUTION 

In the geometric theory of defects in solids the techniques of differential geometry are 
used to describe the strain and stress fields induced by the defect in the elastic medium. All 
information on these fields is contained in the geometric quantities (metric, curvature tensor, 
etc.) that describe the elastic medium with defects. Alternative approaches for geometric 
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ij. The 



descriptions of defects have been presented by several authors |2j 
geometric theory of defects in solids represents the elastic deformations in the continuum 
medium by a non-euclidean metric. This theory can be used to describe a medium either 
with a single line defect or a density of defects. In this section we use this theory to analyze 
the density of wedge disclinations and edge dislocations. In a recent paper Katanaev |32j | 
demonstrated that solutions of the geometric theory of defects yields the solutions of the 
same problems in the nonlinear elasticity theory. Morever, the metric that describes a defect 
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solution is an exact solution and the linear elasticity is obtained taking the appropriate limits. 

We consider a distribution of linear defects in a finite region of space. We suppose that 
all defects are ligned with the z-axis and also that the distribution is circularly symmetric. 
We apply the method developed by Katanaev and Volovich to handle with a continuous 
distributions of defects. 



A. The disclination distribution 



In this subsection we analyze the density of disclinations. Disclination in solids is the 
analogue of a single particle in 2 + 1-dimensional gravitation In this formalism the defect 
formation can be viewed as a "cut and glue" process, known in literature as the Volterra 
process. The disclination is obtained by either removing or inserting material in the medium. 
We consider a very concentrated number of disclinations in a circular region of space. 

Consider a circularly symmetric distribution of disclinations on a disk of radius Rq, which 
acts like a source of the distortion field. This density can be written as [l^ : 



AM = {- ' " . (1) 




The normalized deficit /excess angle is given by the integral 

9 = i- J \{r)dA = l -qRl (2) 

Since our problem is effectively two-dimensional, the space around the density of defects is 
described by a conformal line element 

ds 2 = exp(-fl) (dr 2 + r 2 d6 2 ) , (3) 

where Q is the conformal factor. This metric must be a solution of Einstein equation 

Rap — -j9a(iR = —8nGT a /3, (4) 

where R a p is the Ricci tensor, R the Ricci scalar, G a "gravitational constant" and T a @ is the 
energy- momentum tensor. In fact, G, in condensed matter is a constant associated to the 
continuum elastic medium, and the tensor T a p is the source the strain and stress fields, i.e. 
the density of defects itself. Then density of deficit angles is described by the T zz component 
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of the energy-momentum tensor. With knowledgment of the metric we can easily obtain the 
Ricci scalar 

R = -e n Aa (5) 
and then obtain the differential equation for the conformal factor, 

AVI = 2A. (6) 

The solution of this equation is 

I clnr + d, r > R . 

This solution and its derivative satisfy the following boundary condition on the interface: 

^in (Ro) — ^out (Ro) , v 

Applying this boundary condition it is obtained 

Q(r) = { ^ ln R ° ~ ^ + ^ r2 ' r - R ° (9) 
qRl lnr, r > R , 



12| . Notice that, far away from the distribu- 



which is the result of Katanaev and Volovich 
tion, the metric corresponding to the density of disclinations is equivalent to that of a single 
disclination. 

B. The edge dislocation distribution 

Consider now a continuous distribution of edge dislocations, characterized by the density 
of the normalized Burger's vectors, (3{r) = (/3 X , 0), where (3 X is given by 

f P, r < R 
P*={ (10) 
{ 0, r > R . 

Notice that this density of defects behaves like a step function, so the Burger's vector density 
can be written in terms of the Heaviside function as (3 = /3 x Q(Rq — r)i. We also notice that 
the density is uniformly distributed on a disk of radius Rq. For this distribution it is shown 
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12j that Einstein equation reduces to Poisson equation and, furthermore, that the density 



of defects is written in terms of the divergence of /? [li 

Afi = 2(V-/3). (11) 

Poisson equation is then rewritten as 

AQ = 2(3^-e(R -r) (12) 
= -2(3 cos 95(r - Rq). (13) 

The boundary condition now requires continuity of the solution and discontinuity of its 
derivative for the radial part of the conformal factor, that is 

n' out (Ro) - Q' in (R ) = -2(3. 
The following solution to the conformal factor is then obtained: 

J (3r cos 9, r < R 

^~ \ Pti* cos ^ D • ^> 

{ — , T > Rq 

This result was first obtained by Katanaev and Volovich, like the one in the previous section, 
and it is included here for clarity reasons. Notice that, as in the density of disclinations case, 
far away from the distribution, the metric corresponding to the density of edge dislocations 
is equivalent to that of a single dislocation. 



III. THE TWO-DIMENSIONAL GREEN FUNCTION 

In this section we use the formalism developed by Garcia and Grats 33] to evaluate 
the self-force in an environment endowed with a conformal metric. Given an arbitrary 
distribution of charge p(x), the electrostatic energy is given by [34 1 



U, 



,/, = -~ / d 3 xp(x)£l(x) 



(16) 



where Q(x) is the scalar potential. We are interested in evaluating the self-energy and the 
self-force on a charged particle due to the density of disclinations. We assume that the 
charge distribution is punctual, 



p(x) = Q8(x — x'), 



(17) 



in this way we can write the electrostatic energy as 



U e ie = — — J J d 2 xd 2 x' p(x)G(x, x')p(x'). (18) 
This leads to the following expression 

Q 2 

U e le = —G(x,x)\ reg , (19) 

where, G(x, x)\ reg is the regularized Green function. The question now reduces to finding 
this function. In general, in a non-Euclidian metric, this is not an easy task. But the 
density of disclinations shows an important characteristic: since the metric is effectively 
two-dimensional it is conformal to the Euclidean metric. This means that it can be written 

as 

g ab = e~ n 5 ab . (20) 
The Green function satisfies the two-dimensional Poisson equation 

A E G{x',x) = 5 2 {x'-x), (21) 

where A r is the two-dimensional Euclidean Laplacean. The solution of this equation is 
given by [34j 

G(x', x) = —ln\x' — x\ 2 + an arbitrary analytic function 

function of (x' — x). (22) 

The choice of this analytic function depends of the boundary conditions (notice also that 
these functions must obey Laplace equation). It is very difficult to formulate these boundary 
conditions in a general case. But we are effectively working in a two-dimensional surface 
therefore it is natural that the field of a point source should tend to zero at infinity. So, 
boundary conditions reduce the choice of the analytic function to an arbitrary constant 
which can be taken equal to zero. The Euclidean Green function (|2"2"|) reduces then to 

G ( o\x',x) = ^ln\x'-x\ 2 . (23) 

The Euclidean Green function can be written in the following form 

G^(x',x) = ^ln(2a(x f } x)), (24) 
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FIG. 1: The self-energy of a charged particle in the presence of a disclination density. 



where 2a(x',x) is the geodesic distance between the two points x e x'. Now, we expand 
the regularized Green function in terms of a, since we are interested in the Green function 
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36j | showed that the regularized Green function in 



at small values of a. Grats et al. 
the coincident limit is given by 

G?\r ,r )\ reg =^. (25) 
This equation shows explicitly that the self-energy appears from the geometry of the defect. 



IV. THE SELF-INTERACTION OF A DENSITY OF DEFECTS 
A. The disclination density 

In this subsection we determine the self-energy and the self-force for a punctual charge 
in the presence of a distribution of disclinations. The presence of a density of defects in the 
continuum medium changes the field lines of a charged particle making the particle interact 
with its own electrical field, resulting in the self-energy of the particle. Outside the defect, 
from ((11)) ) Po]l and Q, the self-energy is given by 

U out = -®^ln(r). (26) 

The behavior of the self-energy is showed in figure H The self-force in the outside region is 
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FIG. 2: The self-energy of a charged particle in the presence of an edge dislocation density. 



obtained directly from: F = —VU, where VU = e^V E U. Thus, in the outside region, 

Q 2 gR 2 



Rout 



8tt 



(27) 



This result is better understood if we introduce a new radial variable p such that 

(i-<z*§/2) (28) 



In this way, the self-force can be written as 



Q 2 {qRl/2) e r 



(29) 



out 4tt(1 - qRl/2) p ■ 

We notice that this self-force is equivalent to the force between two charges of moduli Q 
and Q(qRl/2)/(l — qR^/2). The charges are separated by a distance p. Inside the defect 
the particle has the following self-energy 



qQ 2 R l r 
8tt 



Uin, 



ln(R 



2RI 



(30) 



This shows a harmonic behavior for the electrostatic energy inside the defect. The self-force 
is given by 



qQ 2 Rl 



8tt 



■ cxp 



ln(i?o) 



2RI 



re r . 



(31) 



Notice the discontinuity of the self-force in the boundary r = R in spite of the self-energy 
be continuous. Another interesting behavior of the self-force is that the charge is attracted 
by the defect density independently of the its sign. 
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B. The edge dislocation density 



In this subsection we determine the self-energy of a punctual charge in the presence of 
a density distribution of edge dislocations. From (jTUjl . (|25|) and (|15|).The self-energy in the 
defect region is given by 

14. = .9^Lpl. (32) 

The behavior of the self-energy, for fixed 9, is shown in figure El Notice that the self-energy 
as a function of 9 can be either positive or negative, meaning attractive or repulsive regions 
of space. The self-force which acts on the charge can be easily obtained just by taking the 
negative gradient of the energy 

Fin = ~z — exp(/3r cos 9/4) (— cos 9e r + sin 9eg) . (33) 

In the outside region the self-energy is 

= _Q^>^ 

8nr 

and the self-force is given by 

2 BR 2 

F out = V - ° exp((3R 2 cos 9/4) (cos 9e r + sin 9e e ) . (35) 
8nr 2 

The expression ()34|) is in agreement with the previous results obtained by the Potential 
Deformation Theory |8( . This approach was used to find the energy interaction of electrons 
and holes in a solid that contains a single edge dislocation. 



V. CONCLUDING REMARKS 



In this work we determined the self-energy of a single charge in the presence of either a 
continuous distribution of disclinations or a continuous distribution of dislocations. We used 
the geometrical theory of defects in solids to describe the defect distributions in an elastic 
medium. We also have used Grats and Garcia's method for finding the two-dimensional 
Green function in a space associated to a conformal metric. This allowed us to determine 
the self-energy and self-force experimented by the charged particle in the presence of a 
circular distribution of disclinations. We obtained the self-energy both for the region inside 
and outside the distribution. We notice that the self-energy is continuous in the boundary 
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between the internal and external regions but the self-force is discontinuous in both cases. 
The analysis of the behavior of the self-energy shows that in the external region the charge 
"feels" an effective distribution acting as a single defect in both cases. 

Notice that outside the dislocation density region one has a metric which corresponds 
to an effective dislocation. The self-force due to the distribution should be compared with 
the results of reference 22|, where the dipole approximation was used for the metric of 
a dislocation. Notice also that the sudden change in the metrics from the defect density 
region (r < R ) to the defect-free region (r > R ) causes the curve of the self-energy as 
function of r to change its concavity. In the dislocation case, the effect is even more drastic, 
besides the change in concavity the derivative (e.g. self-force) goes discontinuous at r = R . 
Notice also that both in the disclination and in dislocation cases, the self-energy is attractive 
independently of the signal of the charge Q. This gives the possibility of trapping charges in 
the defect density. In the dislocation case there is an additional asymmetry in the azimuthal 
angle, creating regions alternatively of attraction and repulsion as one goes around the z 
axis. 
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